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Abstract: The shell with functionally graded material (FGM) coating is a novel high temperature 
resistant structure, which has been increasingly applied in the aerospace, nuclear, turbo machinery and 
other engineering fields. However, there are some defects for practical structure due to the limitation of 
manufacturing technique. But relevant theoretical research on the thermal buckling behavior of the 
imperfect cylindrical shell is rather limited in most open literature. Therefore, this work proposed to 
establish the theoretical solution of the critical buckling temperature rise of the cylindrical shell with an 
axisymmetric imperfect and FGM coating based on the Donnell shell theory, Koiter model and Galerkin 
method. The result shows that the theoretical solution is in exact agreement with the literature. In 
addition, the influences of the profile of the axisymmetric imperfection, the volume fraction of the 
ceramic phase and the types of the thermal loading on the thermal buckling behavior of the imperfect 
cylindrical shell with FGM coating are analyzed comprehensively. The study provides a scientific 
solution and better understanding for the thermal buckling problem of the imperfect cylindrical shell 
with FGM coating. 
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Nomenclature 
As, Bs, Gmn, Hmn Constant coefficients 
E Young's modulus 
L Length of the shell 
M Internal moment per unit length of the shell 
N Internal force per unit length of the shell 
P Corresponding material properties of the ceramic or metal 
R Radius of middle surface of the shell 
ǻT Temperature rise load function 
ǻT0 Environment temperature rise 
ǻTcr Critical buckling temperature rise 
V Distribution function of the volume fraction of the metal phase or ceramic phase 
VT Total volume fraction of the metal phase or ceramic phase in FGM coating 
f Internal force function 
h Total thickness of the shell 
h1 Thickness of the FGM coating 
h2 Thickness of the metal 
k Exponent of the volume fraction of the metal phase in FGM coating 
m Axial half wave number of the shell 
n Circumferential full wave number of the shell 
s Half wave number of the imperfection 
u Axial deflection of the shell 
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v Circumferential deflection of the shell 
w Normal deflection of the shell 
w* Normal deflection of the initial imperfection of the shell 
z Normal coordinate of the shell 
Į Coefficient of thermal expansion 
ț Curvature of the shell 
ȝ Poisson's ratio 
ȟ Amplitude coefficient of the imperfection 
ı Normal stress 
Ĳ Shear stress 
Ȗ Shear strain 
İ Normal strain 
 
 
Subscript 
m Middle surface or the metal 
c Ceramic 
x Axial direction of the shell 
y Circumferential direction of the shell 
0 Critical equilibrium state before the buckling occurs 
1 Instability state (buckling state) 
, Operation of the partial derivative 
 
1 Introduction 
Functionally graded material (FGM), which is usually consisted of the metal phase and ceramic phase in 
microstructural level, is an innovative heterogeneous composite material [1-3]. Different from normal fibre 
composites, the components and material properties of the FGM can smoothly and continuously vary along a 
certain direction according to practical requirements [4-6]. Therefore, FGM can avoid thermally or mechanically 
induced stress gap, which is generally caused by the inconsistency of the material properties at the interface of 
two different materials for the conventional laminated materials [7, 8]. Since FGM not only has better mechanical 
performance, but also exhibits better heat resistance and corrosion resistance than the metal materials in the high 
temperature environment [9, 10], FGMs have been gradually applied in the aerospace, nuclear and other engineering 
fields in recent years [11-13], particularly for the shells applied in a high temperature or sharp temperature gradient 
occasion. Although the conception of FGM was proposed in 1980s [14], the cost of pure FGM plate and shell is 
still rather high at present. Recently, more researchers show the interest in the coat or sandwich FGM plate and 
shell due to its cost-effective [15-18]. 
In general, plates and shells are prone to buckle when they are suffered from the mechanical or thermal load, 
so it is essential for engineers to take into account the stability problem in the design process of these structures. 
The relevant theories on the buckling behaviour of the pure metal plate and shell were successfully established 
after many scholars have carried out a great mount of theoretical investigation [19-23]. Meanwhile, our previous 
work [24] also clarified the inconsistency problem of the theoretical critical buckling temperature rise for the pure 
metallic cylindrical shell in the existing literature [19, 20, 23] and gave the correct solution. At present, the 
researchers have paid more attention to the thermal buckling of the composite plate and shell structures. For the 
rectangular FGM plate with a negative Poisson's ratio, Mansouri and Shariyat [25] investigated the buckling 
behaviour under a coupled thermo-mechanical load by employing differential orthogonal method. The influences 
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of the boundary condition and temperature rise load on the critical buckling load were also discussed in detail. In 
their recent research, Mansouri and Shariyat [26] derived the theoretical solution of the critical buckling 
temperature rise for general quadrilateral FGM plate. The influences of the exponent of volume fraction, boundary 
condition, skew angle of the edge and Poisson's ratio on the buckling behaviour were analysed comprehensively. 
By utilizing the finite element numerical method, the free vibration and thermal buckling of the FGM plate and 
cylindrical shell were studied by Kandasamy et al [27]. Based on the Donnell shell theory, Wu et al [23] deduced the 
theoretical solution of the critical buckling temperature rise for pure FGM cylindrical shell. In addition, the 
mechanical and thermal buckling behaviors of the FGM plate and shell for some special needs, such as the conical 
and spherical shells, have been studied in recent years [28-30]. 
The aforementioned a large amount of research work has mainly focused on the perfect plate and shell 
structures. However, some engineering structures may have local or global initial defective due to the limitation of 
manufacturing process or operation error. The practical defect could greatly weaken the buckling-resistant ability 
of the structure because of defect sensitivity. For the cylindrical FGM shell with a local crack, Nasirmanesh and 
Mohammadi [31] investigated the buckling behavior under the axial tension, axial compression and coupled 
internal pressure/axial compression conditions using the extended finite element method (XFEM). For the 
rectangular FGM plate with different types of the local crack, Joshi et al [32] gave the theoretical solution of the 
critical buckling temperature rise. For the FGM cylindrical shell with global geometric imperfection, the 
mechanical buckling behavior was studied by Huang and Han by taking into account the influence of temperature 
on the material properties based on Koiter model [33]. Shariat and Eslami [34] derived the theoretical solution of the 
critical buckling temperature rise for the FGM plate with the global geometric imperfection. In addition, the 
theoretical study about the nonlinear buckling of the imperfect FGM plates and shells in a thermal environment is 
also a hot issue [35-37]. However, limited work has been reported on the relevant theoretical research of the thermal 
buckling behaviors of the cylindrical shell with FGM coating and initially geometric imperfect because it not only 
contains the laminated shell theory, but also involves rather complex material properties of the FGM and 
geometric structure of the initial imperfect. But, it is necessary to investigate the theoretical solution of the critical 
buckling temperature rise of the imperfect cylindrical shell with FGM coating for scientific engineering design. 
Therefore, a first attempt has been made in this work for deriving the general governing equations of the thermal 
buckling for the imperfect cylindrical shell based on Donnell shell theory and the nonlinear strain-displacement 
relation of lager deformation. Thereafter, the theoretical critical buckling temperature rise of the cylindrical shell 
with FGM coating and axisymmetric defect will be established on the basis of Koiter model and Galerkin method 
by advanced Maple software. The reliability of the theoretical solutions are verified through the solution of perfect 
cylindrical shell with FGM coating using different theoretical derivation method in our previous work [38], and the 
influences of the wave number, amplitude of the axisymmetric imperfection, the volume fraction of the ceramic 
phase and the thermal loading types are discussed in detail. And thus, the developed theoretical solution provides 
an exact means to design the cylindrical shell with an FGM coating. 
2 Model of the imperfect cylindrical shell with FGM coating 
2.1 Material model of the cylindrical shell with FGM coating 
As shown in Fig. 1, the original point of the coordinate system is located at the middle surface of the 
imperfect cylindrical shell in which the inside surface is the metal and the outside surface is the FGM coating, and 
x, y and z axes are along the axial, circumferential and inner normal directions of the cylindrical shell, respectively. 
In addition, the axial length of the cylindrical shell is L, the radius of the middle surface is R, and the thickness of 
FGM coating and metal are h1 and h2, respectively. 
For the cylindrical shell with FGM coating in Fig. 1, the volume fraction of the metal phase along the normal 
direction of the shell can be expressed as the following piecewise function 
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where Vm is the volume fraction of the metal phase, z is the normal distance, and k is the exponent of the volume 
fraction of the metal phase and k>0. Meanwhile, the volume fraction of the ceramic phase Vc(z) is equal to 
1-Vm(z). 
 
Fig.1 Geometric structure of the cylindrical shell with FGM coating 
 
Based on the linear rule of the mixture that P(z)=PmVm(z)+ PcVc(z) [39], the variation function of the material 
properties with z coordinate are expressed as follows 
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where Pm and Pc are the corresponding material properties of the metal and ceramic phase, respectively. Fig 2 
shows the variation of the material properties with the different exponent of volume fraction. 
 
 
Fig. 2 Schematic of the material property distribution with different k 
2.2 Imperfection model of the cylindrical shell with FGM coating 
In the early theoretical and experimental research on the buckling behaviour of the plate and shell structures, 
some scholars found that there was a big discrepancy between the theoretical and experimental critical buckling 
loads. For example, the experimental value for the cylindrical shell subjective to the axial compressed load may 
be only 10 to 20 percentages of the corresponding theoretical value [22]. The explanation of this phenomenon is 
 ±5± 
also different, but now it is generally acknowledged that the initial imperfection of the structure is the main factor 
leading to the disagreement between the theoretical and experimental values. 
For the plate and shell structures, the imperfections are basically grouped into two categories. One is the 
geometric imperfection, such as the axisymmetric imperfection caused by the vibration of the cylinder in the  
high-speed cutting process, as well as the elliptical deviation (Ovality) caused by the large flexibility of the 
thin-walled cylindrical shell. Another is the material imperfection, such as the delamination due to the 
thermal-resistant difference among different materials. This work mainly concerns the initial axisymmetric 
imperfection, and the ovality and delamination will be further investigated in other works. 
Since the practical imperfection is rather complicated, it is necessary to simplify the imperfection as an 
appropriate mathematical model for executing the theoretical analysis. At present, Wan-Donnell model and Koiter 
model are two major models to describe the axisymmetric geometric imperfection of the cylindrical shell [40]. The 
Wan-Donnell assumes that the initial imperfection is a constantly changing displacement mode, and it doesn't 
represent a special initial geometric profile. However, the Koiter model introduces the conception of the 
imperfection coefficient to describe the shape of the initial imperfection. Once the imperfection coefficient is 
given, the initially geometric profile of the cylindrical shell is determined. 
The present work mainly focuses on the axisymmetric imperfection with a given initial geometric shape 
resulted from the limitation of the manufacturing process. Thus, the Koiter model is chosen to carry out the 
theoretical analysis since the shape of the initial imperfect is clear. 
The Koiter model assumes that the geometric profile of the initial imperfection is axisymmetric [22], and the 
mathematical expression of the axisymmetric imperfection in the present work can be defined as 
 
* sin 1, 2, 3,s xw h s
L
S[    (3) 
where ȟ is the amplitude coefficient of the initial imperfection, h is the total wall thickness of the shell, and h 
=h1+h2. s is the half wave number of the initial imperfection in the x direction. w* is the normal deflection of the 
initial imperfection of the cylindrical shell. It can be seen from Eq. (3) that the profile of the initial imperfection is 
mainly dependent on ȟand s. 
According to Eq. (3), the geometric model of the cylindrical shell is different if the sign of ȟ is opposite. Fig. 
3 shows two kinds of geometric models of the imperfection cylindrical shell with different ȟ while s=3. If ȟ is 
larger than 0, the first point of the maximum deflection should be located at the wave crest in the x-z coordinate 
system. On the contrary, the first point of the maximum deflection should be at the wave trough if ȟ is less than 0. 
The geometric model with ȟ>0 is called as Type-A, and the model with ȟ<0 is called as Type-B in this work. 
 
 
Fig. 3 Schematic of the geometric model of the imperfect cylindrical with different ȟ 
3 Theoretical derivation of the critical buckling temperature rise 
Similar to literature [19, 23], the theoretical analytical solution of the critical buckling temperature rise for 
the imperfect cylindrical shell with FGM coating is derived on the basis of the following assumptions: 
(1) The deformation of the material satisfies the Hooke's law. 
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(2) The material properties are temperature independent. 
(3) The Poisson's ratios of the metal phase and ceramic phase are equal, which illustrates that ȝ(z)=ȝm=ȝc=ȝ. 
(4) The interface between the metal and coating is perfectly bonded without clearance and sliding. 
3.1 Derivation of the general governing equation of buckling 
For the cylindrical shell, the normal strains in the x and y directions and the shear strain in the xy direction are 
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where İxm and İym are the normal strain on the middle surface in the x and y directions, respectively, Ȗxym is the 
shear strain on the middle surface in the xy directions, țx, țy and țxy are curvatures in the x, y and xy directions, 
respectively. 
Based on the Donnell shell theory, the relations between the deflections and strains on the middle surface are  
 
 2 2, , , ,
, , ,
1 1
2 2xm x x ym y y xym y x x y
x xx y yy xy xy
w
u v u v
R
w w w
H N H N J N N
N N N
       
     
  (5) 
where u, v and w are the deflections in the x, y and z directions, respectively, and (,) denotes the operation of 
partial derivative. 
Meanwhile, the thermo-elastic constitutive equations for the cylindrical shell with the FGM coating are  
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where ıx and ıy are the normal stresses in the x and y directions, respectively, and Ĳxy is the shear stress in the xy 
direction. E(z) and Į(z) are Young's modulus and the coefficient of thermal expansion along the wall thickness, 
which can be obtained by Eq. (2) . ȝ is the Poisson's ratioDQGǻT(z) is the temperature rise load function. 
Since the internal force Nij and internal moment Mij per unit length of the section can be expressed as follows 
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Thus, substituting Eqs. (4) and (6) into Eq. (7) gives 
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where 
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Thus, the strain on the middle surface of the shell can be expressed by the internal force with solving Eqs. 
(8.a), (8.b) and (8.c) as follows 
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Then substituting Eq. (9) into Eqs. (8.d), (8.e) and (8.f) gives 
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Meanwhile, the equilibrium equations for the cylindrical shell are 
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For Eqs. (11.a) and (11.b), taking the partial derivative with respect to x and y, respectively, afterwards the 
following equation can be obtained by adding the two equations 
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Thus, substituting Eqs. (5) and (12) into Eq. (13) gives  
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where 4
, , ,
2xxxx xxyy yyyyw w w w    . 
For the cylindrical shell with an initial axisymmetric imperfection, the normal deflection of the shell w is 
replaced by w+w*. Correspondingly, according to Eq. (5), the expressions of the strains on the middle surface for 
the imperfect cylindrical shell become 
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It is important to note that the internal moments don't depend on the value of the curvature but only on the 
amount of change of the curvature [41]. Thus, the expression of Eq. (14) for the imperfect cylindrical shell should 
be 
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In addition, assuming that the temperature gradient is distributed only along the wall thickness of the 
cylindrical shellĭ1,xxĭ1,yyĭ2,xx DQGĭ2,yy should be equal to 0. Thus, before the thermal buckling occurs, the 
equilibrium equation of Eq. (15) should be written as 
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where w0 is the normal deflection of the shell caused by the thermal load before the buckling occurs. 
Correspondingly, Nx0, Ny0 and Nxy0 are the internal force in the x, y and xy directions, respectively. 
Once the thermal buckling takes place, there is a tiny linear increment for the deflection and internal force. 
The increment of the normal deflection is defined as w1, and the increments of the internal forces are defined as 
Nx1, Ny1 and Nxy1, respectively. Then, substituting the initial values and increments of the deflection and internal 
force into Eq. (17) with eliminating these terms which satisfy the initial equilibrium equation and high order 
minterms, Eq. (17) becomes 
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Introducing the internal force function f which satisfies the following requirements 
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Substituting Eq. (19) into Eq. (18) gives 
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According to Eq. (15), the increments of the strains on the middle surface which ignore the high order 
minterms are 
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Based on the geometric compatibility condition, the following equation can be obtained through Eq. (21) 
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In addition, according to Eq. (9), another incremental expression form of the strain on the middle surface is 
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Thus, substituting Eqs. (19) and (23) into the left part of Eq. (22) gives 
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Eqs. (17), (20) and (24) are the general governing equations of the thermal buckling of the imperfect 
cylindrical shell, which will be used in the next sections. 
3.2 Solution of critical buckling temperature rise 
Since the mathematical expression of the axisymmetric imperfection is defined as w*=ȟKsin(Vʌ[/L), the 
approximate solution for w0 can be written as  
 0 sin 1, 2, 3,s s
s x
w A B s
L
S     (25) 
where As and Bs are the constants. 
Because the geometric profile is axisymmetric before the buckling occurs, the deflections should satisfy the 
following conditions [22] 
    0 0 0 0 0; 0;u u x v w w x {    (26) 
Substituting Eqs. (3), (25) and (26) into Eq. (15.b) gives 
 0 0ym w RH    (27) 
According to our previous work [24], the axial internal force Nx0 should be        1 21 2
2
- 2
h h
h h
E z z T z dzD³ , and 
Nx0= -ĭ1. Thus, the axial strain on the middle surface İxm0 can be solved by substituting Nx0=-ĭ1 into Eq. (8.a) as 
follows 
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Then, substituting Eq. (28) into Eq. (8.b) gives 
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Since w0 is only the function of the variable x, thus țy0=w0,yy=0. Substituting țy0=0 and İym0=w0/R into Eq. 
(29), Eq. (29) degenerates to 
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Substituting Eqs. (3), (25), (30) into Eq. (16) gives 
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Since Eq. (31) is always established before the thermal buckling occurs, the constants As and Bs can be solved 
through Eq. (31) as follows 
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Thus, substituting Eqs. (25) and (32) into (30), and the circumferential force Ny0 should be 
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Since the temperature gradient is distributed only along the wall thickness, and the cylindrical shell is 
axisymmetric, the shear force Nxy0 should be equal to 0. 
For the cylindrical shell simply supported at two ends, the approximate solution of the deflection w1 and 
stress function f can be taken as the following double trigonometric series [22] 
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1 1 1 1
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where Gmn and Hmn are the constants, m and n are the axial half wave number and the circumferential full wave 
number, respectively. 
Substituting Nxy0=0, Eqs. (3), (25), (30) and (34) into Eqs. (20) and (24) gives 
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 (35) 
Solving Eq. (35) with the Galerkin method, a set of linear equations in terms of Gmn and Hmn is obtained as 
follows 
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In order to ensure that there is non-zero solution for Eq. (36), the determinant of the coefficient matrix of Eq. 
(36) should be equal to 0. Thus the coefficient matrix of Eq. (36) satisfies  
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If the temperature load is uniform along the wall thickness of the cylindrical shell, and defining ǻT(z ǻT0, 
ZKHUHǻT0 is the given environmental temperature riseĭ1 should be 
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If the temperature load is linear distributed along the wall thickness of the cylindrical shell, and the 
temperature on the surface of the ceramic is higher, thus the thermal load is defined as ǻT(z)= 
ǻT0[(h1+h2)/2-z]/(h1+h2). ĭ1 should be 
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Substituting Eqs. (38), (39) into Eq. (37), the critical buckling temperature rise of the imperfect cylindrical 
shell under the uniform and linear temperature rise loads can be solved, respectively. However, the mathematical 
expression of Eq. (37) is rather complex, and it is very difficult to solve Eq. (37) directly. In this work, the value 
of the critical buckling temperature rise is calculated using advanced Maple code. In addition, the least value of 
ǻT0, which is also called as the critical buckling WHPSHUDWXUHULVHǻTcr, can be obtained by substituting different 
integers of the axial half wave number m and circumferential full wave number n into Eq. (37). 
However, it is worth to be noticed that if the half wave number of the axisymmetric imperfection s is an even 
number, the terms related to the amplitude coefficient of the imperfection (ȟ) will vanish in Eq. (37). As a 
consequence, the corresponding solution of the critical buckling temperature rise can't be solved, which is also the 
mathematical limitation of the Koiter model. Thus, only the model in which the half wave number of the defect is 
an odd number will be carried out in the next sections. 
4 Results and discussion 
The material properties of the metal phase (Aluminum) and ceramic phase (Alumina) are first defined as 
Em=70GPa, Įm=23×10-6/oC, Ec=380GPa, Įc=7.4×10-6/oC and ȝm=ȝc=0.3, respectively [28]. 
4.1 Verification analysis 
If the amplitude coefficient of the initial imperfection (ȟ) is equal to 0, the cylindrical shell in the present 
work should be equivalent to a perfect cylindrical shell. Correspondingly, the theoretical solution of the critical 
buckling temperature rise in this work should be equal to that of the perfect cylindrical shell with FGM coating in 
Ref. [38]. 
Fig. 4 shows the comparative result between the present work and our previous work [38] with the given 
parameters (k=1, h1=4mm and R=L) under the uniform temperature rise load. In the figure, the red solid line with 
mark "ż" is the solution in Ref. [38], and the blue solid line with mark "¡" is the solution of the present work. It 
can be seen from Fig. 4 that the critical buckling temperature riseVǻTcr) in the present work with ȟ=0 are in exact 
agreement with Ref. [38] even though the theoretical derivation method used in this work is quite different from 
Ref. [38]. The governing equations in Ref. [38] only depend on the increments of deflection (u1, v1 and w1), but 
the governing equations in the present work is dependent on not only the increment of deflection (w1), but also the 
internal force function ( f ). Thus, the theoretical solution deduced in the present work is verified to be reliable. 
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Fig. 4 Comparison among the present work and existing literature 
4.2 Influence analysis of the imperfection structure 
4.2.1 Influence of the amplitude of the imperfection 
Fig. 5 shows the critical buckling temperature rises of the imperfect cylindrical shell with the given structural 
parameters (h1=4mm, L=R=1200mm, s=3 and k=0.5). In Fig. 5, the red solid line with mark "żLVWKHVROXWLRQRI
Type-A, and the blue solid line with mark "×" is the solution of Type-B. 
As shown in Fig. 5, the critical buckling temperature rise of the imperfect cylindrical shell with FGM coating 
is nonlinearly and sharply decreased with the increasing of the amplitude coefficient of the imperfection (ȟ) for the 
two models of Type-A and Type-B. For the model of Type-B with h2=8mm in Fig. 5, the critical buckling 
temperature rise of the imperfect cylindrical shell is even reduced to 26% of the value of the corresponding perfect 
(ȟ=0) cylindrical shell with FGM coating when ȟ is equal to -1. Fig. 5 illustrates that the critical buckling 
temperature rise is very sensitive to the amplitude of the imperfection, which illustrates that the initial imperfect 
obviously weaken the ability of thermal buckling resistance of the cylindrical shell with FGM coating. In addition, 
it can be seen from Fig. 5 that the critical buckling temperature rise of Type-A is always larger than that of 
Type-B when the wave number of the initial imperfection is equal to 3. 
 
 
Fig. 5 Influence of ȟ on the critical buckling temperature rise 
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Table 1 lists the wave number of the cylindrical shell in Fig 5. It can be seen from Table 1 that the axial 
buckling wave number (m) of the imperfect cylindrical shell is keep constant no matter how ȟchanges for the two 
models of Type-A and Type-B, and the circumferential buckling wave number (m) only decreases by one. It 
illustrates that the amplitude coefficient of the initial imperfection has little influence on the mode of instability. 
 
Table 1 Influence of ȟ on the wave number of buckling 
ȟ 
Type-A Type-B 
h2=4mm h2=8mm h2=4mm h2=8mm 
m n m n m n m n 
0 6 8 4 8 6 8 4 8 
0.05 1 8 1 7 2 10 2 9 
0.1 1 8 1 7 2 10 2 9 
0.2 1 8 1 7 2 10 2 9 
0.3 1 8 1 7 2 10 2 9 
0.4 1 8 1 7 2 10 2 8 
0.5 1 8 1 7 2 10 2 8 
0.6 1 8 1 7 2 10 2 8 
0.65 1 8 1 6 2 10 2 8 
0.7 1 7 1 6 2 10 2 8 
0.8 1 7 1 6 2 10 2 8 
0.9 1 7 1 6 2 9 2 8 
1 1 7 1 6 2 9 2 8 
 
4.2.2 Influence of the wave number of the imperfection 
Fig. 6 shows the critical buckling temperature rise of the imperfect cylindrical shell under the different wave 
numbers of the imperfection with the given structural parameters (h1=4mm, L=R=2000mm, k=1 and ȟ=±0.5). In 
Fig. 6 WKH UHG VROLG OLQHZLWKPDUNż LV WKH VROXWLRQRIType-A, and the blue solid line with mark "×" is the 
solution of Type-B. 
It can be seen from Fig. 6 that the critical buckling temperature rise first decreases, and then increases with 
the increasing of the wave number (s) of the imperfection when s is less than about 17 for the two models. 
However, for the Type-A, the critical buckling temperature rise becomes slightly increases when s is larger than 
about 17. But for the Type-B, it almost keeps constant when s is larger than about 17. In addition, the extreme 
value of the critical buckle temperature rise for the imperfect cylindrical in Fig. 6 is near to that of the perfect 
cylindrical shell with the same structural parameters in Fig. 3 for the two models. It illustrates that the critical 
buckling temperature rise of the imperfect cylindrical shell can be approximately calculated by using the 
theoretical solution of the perfect cylindrical shell, when the wave number of the initial imperfection is enough 
large. On the other hand, it also shows that the wave number of the initial imperfection has an obviously negative 
effect on the critical buckling temperature rise, especially for the case of s . Thus, it is suggested that the 
engineer should artificially increase the wave number of the initial imperfection in the manufacturing process to 
reduce the negative influence of the initial imperfection on the thermal buckling resistance of the cylindrical shell 
if the manufacturing defect can't be avoided. However, this method is ineffective when the wave number of the 
imperfection reaches a critical value. 
In addition, as above-mentioned in section 4.2.1, the critical buckling temperature rise of Type-A with s=3 is 
always larger than that of Type-B. Fig. 6 also shows the same rule for the model with s=3. However, when s is 
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larger than 5, the relation of the critical buckling temperature rise between the Type-A and Type-B is contrary as 
shown in Fig. 6. 
 
Fig. 6 Influence of s on the critical buckling temperature rise 
 
Table 2 lists the buckling wave numbers of the cylindrical shell in Fig. 6. As shown in Table 2, for the 
Type-A, the axial buckling wave number (m) is equal to the integer between s/2-1 and s when s is small. However, 
the axial buckling wave number (m) is equal to the integer between s/2 and (s+1)/2 for the Type-B. In addition, 
combining the Table 2 and Fig. 6, it is found that the axial buckling wave number (m) always keeps constant when 
the wave number of the initial imperfection (s) is greater than 17 changes, and so do the circumferential wave 
number (n) and the critical buckling temperature rise. Therefore, the conclusion can be drawn that the wave 
number of the initial imperfection has great influence on the final buckling wave number of the cylindrical shell 
when s is relatively small, but the effect disappears when s reaches a critical value. 
 
Table 2 Influence of s on the buckling wave number 
s 
Type-A Type-B 
h2=10mm h2=14mm h2=10mm h2=14mm 
m n m n m n m n 
3 1 7 1 7 2 10 2 9 
5 2 9 2 8 3 10 3 9 
7 3 10 3 8 4 11 4 9 
9 4 10 4 8 5 10 5 8 
11 5 10 5 8 6 10 6 8 
13 6 9 6 8 7 9 7 7 
15 7 9 4 9 8 8 6 1 
17 5 10 3 9 7 1 6 1 
19 4 11 3 9 7 1 6 1 
23 4 10 3 9 7 1 6 1 
27 4 10 3 9 7 1 6 1 
31 4 10 3 9 7 1 6 1 
35 4 10 3 9 7 1 6 1 
39 4 10 3 9 7 1 6 1 
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4.3 Influence of the exponent of volume fraction 
Fig. 7 shows the influence of the exponent of volume fraction k on the critical buckling temperature rise of 
the imperfect cylindrical shell with the given geometric parameters (h1=h2=4mm, L=R=2000mm and ȟ=±1) under 
the uniform temperature rise load. In Fig. 7, the blue solid line with mark "×" is the solution of s=3, the green solid 
line with mark "ź" is the solution of s=5, the red solid line with PDUNżLVWKHVROXWLRQRIs=7, and the black 
OLQHZLWKPDUN¸ is the solution of s=17. 
Firstly, it can be found from Fig.7 that the critical buckling temperature rise with s=17 is always greater than 
those with s=3, 5, 7, which is in agreement with the result of section 4.2.2. Thereafter, it can be seen that the 
curves of the critical buckling temperature rise have nearly vertical tangent at the range that 0.01<k<0.1. then the 
growth rate of the critical buckling temperature rise becomes slower and slower when k is larger than 0.1, and the 
critical buckling temperature rise even keeps constant when k>5. The bigger the k is, the higher the critical 
buckling temperature rise in Fig.7 is. But the intrinsic relation between the critical buckling temperature rise and k 
is not yet clear enough. 
  
(a) Type-A                                 (b) Type-B 
Fig. 7 Influence of k on the critical buckling temperature rise 
According to Eq. (1), the total volume fraction of the metal and ceramic phase in FGM coating can be 
obtained as follows 
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  (40) 
It can be seen from Eq. (40) that the total volume fraction of the ceramic phase (VTc) in FGM coating 
increases with the increasing of k. Note that the FGM coating will be degenerated to the pure metal when k 
approaches to 0. Contrarily, if k approaches to infinity, the FGM coating will be degenerated to the pure ceramic. 
In order to further study the intrinsic relation between the critical buckling temperature rise and k, the 
horizontal coordinate k in Fig. 7 is replaced by k/(k+1), which is equal to the volume fraction of the metal phase in 
FGM coating. Hence, the relation between the critical buckling temperature rise and VTc can be gotten as shown 
in Fig. 8. It can be seen from Fig. 8 that the critical buckling temperature rise rapidly increases with the increasing 
of VTc when 0<VTc<0.1. Then, the growth rate gradually slows down, and the critical buckling temperature rise 
linearly increases with VTc at the range that 0.1<VTc<0.9. In addition, the critical buckling temperature rise of the 
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imperfection cylindrical shell with FGM coating is increased over 39% when the increasing VTc from 0.01 to 0.91 
as shown in Fig. 8. 
   
(a) Type-A                                 (b) Type-B 
Fig. 8 Influence of VTc on the critical buckling temperature rise 
 
Therefore, the increment of the critical buckling temperature rise in Fig. 7 is in fact caused by the increment 
of the volume fraction of ceramic in FGM coating since the ceramic phase presents larger Young's modulus and 
smaller coefficient of thermal expansion in comparison with the metal phase. Thus, it is suggested that the 
designer should increase the volume fraction of the ceramic phase in FGM coating to improve the performance of 
thermal buckling resistance of the cylindrical shell. 
4.4 Influence of the temperature loading type 
Fig. 9 shows the critical buckling temperature rise of the cylindrical shell with the given parameters 
(h1=2mm, L=R, k=2, r=3 and ȟ=±0.2) under the uniform and linear temperature rise load conditions, respectively. 
,Q)LJWKHUHGVROLGOLQHZLWKPDUNżLVWKHVROXWLRQRIh2=10mm, the green solid line with mark "ź" is the 
solution of h2=12mm, and the blue solid line with mark "×" is the solution of h2=14mm. 
It can be seen from Fig. 9 that the critical buckling temperature rise of the linear temperature rise condition is 
slightly less than double of the uniform temperature rise load condition, which is similar to the perfect cylindrical 
shell with FGM coating [38]. 
 
(a) Type-A                                       (b) Type-B 
Fig. 9 Influence of the thermal load types on the critical buckling temperature rise 
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5 Conclusions 
This work successfully established the theoretical solution of the thermal buckling behavior of the imperfect 
cylindrical shell with FGM coating based on the Donnell shell theory, Koiter model, Galerkin method and Maple 
code. Moreover, related factors influencing the performance of thermal buckling resistance were studied 
comprehensively. The main conclusions are listed as follows: 
(1) Based on the different theoretical derivation method, the theoretical solution of the critical buckling 
temperature rise for the imperfect cylindrical shell with FGM coating in the present work is in exact agreement 
with the corresponding perfect cylindrical shell, which indicates that the theoretical solution in this work is 
reliable. 
(2) If the axisymmetric imperfection of the cylindrical shell couldn't be completely avoided in the practical 
manufacturing process, it is suggested that the engineer should artificially fabricate more wave number of the 
imperfection to relive the negative influence of the imperfection on the critical buckling temperature rise. 
(3) When the related geometrical parameters of the cylindrical shell are given, it is suggested that the 
designer should increase the volume fraction of the ceramic phase in FGM coating for improving the performance 
of the thermal buckling resistance of the cylindrical shell. 
Since the limitation of the Koiter model, only odd wave number of the initial axisymmetric imperfection is 
investigated in present work, and the influence of the temperature rise on the material properties as well as the 
other imperfection styles like delamination, are also not taken into consideration. Thus, further investigation on 
these key points can be studied in the future. 
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